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Abstract
The Kuroda negative translation translates classical logic only into in-
tuitionistic logic, not into minimal logic. We present eight variants of the
Kuroda negative translation that translate classical logic even into minimal
logic. The proofs of their soundness theorems are interesting because they
illustrate four different methods of proof.
Definition. Let P range through the atomic formulas.
1. The Kuroda negative translation K [4, page 46] translates each formula A to
the formula AK :≡ ¬¬AK where AK is defined by recursion on the length of A
by
PK :≡ P, (A→ B)K :≡ AK → BK,
(A ∧B)K :≡ AK ∧ BK, (∀xA)K :≡ ∀x¬¬AK,
(A ∨B)K :≡ AK ∨ BK, (∃xA)K :≡ ∃xAK.
2. The variants K1, K2 [1, page 21], K3, K4, K5 [3, page 229], K6 [2, section 6.3],
K7 and K8 of K are defined analogously to K except for
PK1 :≡ P ∨ ⊥, (A→ B)K5 :≡ ¬AK5 ∨BK5 ,
PK2 :≡ ¬¬P, (A→ B)K6 :≡ AK6 → ¬¬BK6 ,
PK3 :≡ (⊥ → P )→ P, (A→ B)K7 :≡ ¬BK7 → ¬AK7 ,
(A→ B)K4 :≡ AK4 → BK4 ∨ ⊥, (A→ B)K8 :≡ ¬(AK8 ∧ ¬BK8).
Theorem (soundness and characterisation). For K1, K2, K3, K4, K5 [3, page 229],
K6 [2, section 6.3], K7 and K8 we have:
1. CL+ Γ ⊢ A ⇒ ML+ ΓKi ⊢ AKi;
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2. CL ⊢ A↔ AKi.
Proof. The characterisation theorems are proved by induction on the length of A.
Let us prove the soundness theorems.
K1,K2,K3,K4. Let T1 [5, page 686], T2 [5, page 686], T3 and T4 be the translations
of formulas defined by PT1 :≡ P ∨ ⊥, PT2 :≡ ¬¬P , PT3 :≡ (⊥ → P ) → P ,
PT4 :≡ P ∨ ⊥, (A → B)T4 :≡ AT4 → BT4 ∨ ⊥, T1, T2 and T3 commute
with ∧, ∨, →, ∀ and ∃, and T4 commutes with ∧, ∨, ∀ and ∃. We can prove
IL+Γ ⊢ A ⇒ ML+ΓTi ⊢ ATi [5, page 686] by induction on the length of the
proof of A, and ML ⊢ (AK)Ti ↔ AKi by induction on the length of A. Then
CL+Γ ⊢ A ⇒ IL+ΓK ⊢ AK ⇒ ML+ (ΓK)Ti ⊢ (AK)Ti ⇒ ML+ΓKi ⊢ AKi .
K5. Let CL
′ be CL based on ¬, ∨, and ∃ [6, section 2.6]. As remarked by Benno
van den Berg, K (extended by (¬A)K :≡ ¬AK) translates CL
′ into ML. Let
T5 be the translation of formulas defined by ⊥
T5 :≡ ¬(¬C ∨C) (where C is a
fixed closed formula), PT5 :≡ P (for P 6≡ ⊥), (A ∧ B)T5 :≡ ¬(¬AT5 ∨ ¬BT5),
(A → B)T5 :≡ ¬AT5 ∨ BT5 , (∀xA)T5 :≡ ¬∃x¬AT5 and T5 commutes with ∨
and ∃. We can prove CL + Γ ⊢ A ⇒ CL′ + ΓT5 ⊢ AT5 by induction on the
length of the proof of A, and ML ⊢ (AT5)K ↔ AK5 by induction on the length
of A. Then CL + Γ ⊢ A ⇒ CL′ + ΓT5 ⊢ AT5 ⇒ ML+ (ΓT5)K ⊢ (AT5)K ⇒
ML+ ΓK5 ⊢ AK5.
K6. The proof is by induction on the length of the proof of A in Go¨del’s system [7,
section 1.1.4] plus the law of excluded middle. The greatest difficulty is the
rule A→B
C∨A→C∨B
: its translation by K6 is
¬¬(AK6→¬¬BK6 )
¬¬(CK6∨AK6→¬¬(CK6∨BK6 ))
; from the
premise we get AK6 → ¬¬BK6 (by ML ⊢ ¬¬(D → ¬E) → (D → ¬E)), so
CK6∨AK6 → CK6∨¬¬BK6 (by the rule), thus CK6∨AK6 → ¬¬(CK6∨BK6) (by
ML ⊢ D ∨ ¬¬E → ¬¬(D ∨E)), getting the conclusion (by ML ⊢ D → ¬¬D).
K7,K8. We can prove ML ⊢ AK6 ↔ AK7 and ML ⊢ AK6 ↔ AK8 by induction on the
length of A, so the soundness theorems of K7 and K8 follow from the soundness
theorem of K6.
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